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Part (2)* 
 

Differential Analysis of Boundary Layer 

(Lift and Drag of Flow Over Immersed Bodies) 
 

In this part we consider various aspects of the viscous effects in the boundary layer region and the 

relationship between the boundary layer and the flow over bodies that are immersed in a real (i.e., viscous) 

fluid. Examples of such immersed bodies include the flow over air around airplanes, automobiles, and falling 

snow flakes, or the flow of water around submarines and fish. In these situations the object is completely 

surrounded by the fluid and the flows are termed external flows. External flows involving air are often termed 

aerodynamics in response to the important external flows produced when an object such as an airplane flies 

through the atmosphere. Although this field of external flows is extremely important, there are many other 

examples that are of equal importance. We should note that the boundary layer region and the large viscous 

effects exists also in many internal flows. Examples include the entrance length of the flow in pipes or ducts 

and the near wall flow in a diffuser where in both cases the viscous effects in boundary layer flow is 

dominant.     
 

We study the boundary layer flow to calculate all the forces generated because of the viscous 

effects at the wall.  The fluid force (lift and drag) on surface vehicles (cars, trucks, bicycles) has become a 

very important topic. By correctly designing cars and trucks, it has become possible to greatly decrease the 

fuel consumption and improve the handling characteristics of the vehicle. Similar efforts have resulted in 

improved ships, whether they are surface vessels (i.e., surrounded by two fluids, air and water) or submersible 

vessels (i.e., surrounded only by water). Other applications of external flows involve objects that are not 

completely surrounded by fluid, although they are placed in some external-type flow. For example, the proper 

design of a building (whether it is your house or a tall skyscraper) must include consideration of the various 

wind effects involved.  
 

As with the other areas of fluid mechanics, two approaches (i.e., theoretical and experimental) are 

used to obtain information on fluid forces developed by external flows. Theoretical (i.e., analytical and 

numerical) techniques can provide much of the needed information about such flows. However, because of 

the complexities of both the governing equations and geometry of the objects involved, the amount of 

information obtained from purely theoretical methods is limited. With current and anticipated advancements 

in the area of computational fluid mechanics, it is likely that computer prediction of forces and complicated 

flow patterns will become readily available.  
 

Much of the information about external flows comes from experiments carried out, for the most 

part, on scale models of the actual objects. Such testing includes the obvious wind tunnel testing of model 

airplanes, buildings, and even entire cities. In some instances the actual device, not a model, is tested in the 

wind tunnels. Figure 4.1 shows tests of vehicles in wind tunnels. Better performance of cars, bikes, skiers, and 

numerous other objects has resulted from testing in wind tunnels. The use of water tunnels and towing tanks 

also provides useful information about the flow around ships and other objects.  
 

In this part, we first consider the general characteristics of external flow past immersed objects 

before we make detailed differential analysis of the flow in the boundary layer region. We investigate the 

qualitative aspects of such external flows and learn how to determine the various forces on objects surrounded 

by a moving fluid.  

 

 
 
 

∗
 Ref.:(1) Bruce R. Munson, Donald F. Young, Theodore H. Okiishi “Fundamental 

                of Fluid Mechanics” 4
th
 ed., John Wiley & Sons, Inc., 2002. 

 (2) Frank M. White “Fluid Mechanics”, 4
th
 ed. McGraw Hill, 2002. 
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4.2.7 Boundary Layers with Non-zero Pressure Gradient: 
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4.3 Thermal Boundary Layer
 

 

In all previous discussions (Sec. 4.1 & 4.2), 

it were both kept at the same temperature, T

far from the body with a velocity U

case we have only one boundary layer generated along the surface of the body because of 

no-slip condition and the viscous effects in the wall region. This boundary layer is called the 

Momentum Boundary Layer (M.B.L)

region. The analysis given in Sec.4.1 and 4.2 
 

In this section, however,

constant temperature, Tw, greater than or less 

Because of  the temperature difference,

place between the wall and the moving fluid (heat transfer must be from the higher 

temperature to the lower one according

heat flux moves from the wall to heat the moving fluid while if  T

from the moving fluid to heat the wall. 
 

In this section we give an example of the integral method analysis 

Thermal Boundary Layer (T.B.L) over a flat plate with zero pressure gradient. Our objective is 

to calculate the heat flux from or to the plate with specified T

flux. The convective heat transfer coe

   q” = h (Tw 

where q” is the heat flux in

and h is average heat transfer coefficient 

This average value, h, is to be calculated from a local heat transfer coefficient h

function of the distance x along the plate.
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4.3 Thermal Boundary Layer on a Flat Plate with Zero Pressure Gradient

ec. 4.1 & 4.2), any immersed body and any 

kept at the same temperature, T∞, of the free stream flow (i.,e., the uniform flow 

with a velocity U∞ parallel to the axis of the body in most cases

se we have only one boundary layer generated along the surface of the body because of 

the viscous effects in the wall region. This boundary layer is called the 

Momentum Boundary Layer (M.B.L) as it is related to the momentum trans

he analysis given in Sec.4.1 and 4.2 is all related to this M.B.L (Fig. 4.23)

, however, the surface of the body, or the wall temperature

greater than or less than T∞  of the free stream flow

temperature difference, Tw - T∞, heat transfer (or forced convection) 

place between the wall and the moving fluid (heat transfer must be from the higher 

temperature to the lower one according to the 2
nd

 law of thermodynamics). If  

heat flux moves from the wall to heat the moving fluid while if  Tw< T∞
from the moving fluid to heat the wall.  

In this section we give an example of the integral method analysis 

Thermal Boundary Layer (T.B.L) over a flat plate with zero pressure gradient. Our objective is 

to calculate the heat flux from or to the plate with specified Tw or  to find  T

. The convective heat transfer coefficient, h, is defined by: 

 - T∞) 

where q” is the heat flux in direction normal to the wall, in units of

heat transfer coefficient over the heated plate,in units of watt/ K

This average value, h, is to be calculated from a local heat transfer coefficient h

function of the distance x along the plate. Our task in this section is to find h(x).

 

with Zero Pressure Gradient: 

any moving fluid around 

of the free stream flow (i.,e., the uniform flow 

parallel to the axis of the body in most cases) For this 

se we have only one boundary layer generated along the surface of the body because of the 

the viscous effects in the wall region. This boundary layer is called the 

the momentum transfer in the viscous 

(Fig. 4.23). 

temperature, is kept at a 

of the free stream flow (Fig.4.24). 

(or forced convection) must take 

place between the wall and the moving fluid (heat transfer must be from the higher 

law of thermodynamics). If   Tw > T∞, the 

∞, the heat flux moves 

In this section we give an example of the integral method analysis as it is applied to the 

Thermal Boundary Layer (T.B.L) over a flat plate with zero pressure gradient. Our objective is 

or  to find  Tw for a given heat 

direction normal to the wall, in units of watt/m
2
  

,in units of watt/ K
o
.m

2
. 

This average value, h, is to be calculated from a local heat transfer coefficient h(x) which is a 

Our task in this section is to find h(x). 
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4.3.1  Integral Analysis of Thermal Boundary Layer over a Flat Plate: 
 

Consider the flow of a uniform and unbounded stream of viscous fluid over a flat plate (of unit 

depth normal to the paper, dz = 1) as shown in Fig.4.25. The plate is kept at constant 

temperature Tw, starting at some distance xo downstream the leading edge (x = 0). The length 

of the plate between x = 0 and x = xo  is kept at T∞ as for the free stream which has an 

enthalpy of , h∞, and a velocity U∞ ≠ f(x,y) for this zero pressure gradient case. We shall apply 

the integral form of the energy equation (1
st
 law of thermodynamics) on the shown integral 

control volume which include both the M.B.L. of thickness, δ(x), and the T.B.L. of thickness 

δT(x). Recall from Fig.4.24, that δT may be larger than or smaller than δ depending on the 

value of  Pr number of the fluid. The case shown on fig. 4.25 is of  δ > δT which means that Pr 

# >1 (such as for water).   
 

As shown in Fig.4.25, the M.B.L. starts at x= 0 while the T.B.L. starts at x= xo. At any 

point x > xo along the plate, the axial velocity profile in the M.B.L. is u(y) while the 

temperature profile is T(y) and the heat flux is dQ/dt as shown. We shall also apply the mass  

integral equation on the control volume between the cross-section at x, the cross-section at 

x+∆x and across the T.B.L. edge in order to find the energy crossing these 3 cross-sections.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4.25 the notations for analysis of  T.B.L. over a flat plate with 
 

For the above control volume, the energy equation for a steady, incompressible, 2-D flow, and 

neglecting body force with no shaft work and  is: 
 

AdV

cs

vuyge
P

dt

dQ
⋅








++++= ∫ ρ

ρ
22

2

1

2

1
     (4.61)  

where he
P

≡+
ρ

(specific enthalpy, j/kg ), also uv <<  , huv <<<<∴ 22 , the energy eq. is reduced to 

AdV

cs

uh
dt

dQ
⋅








+= ∫ ρ2

2

1
       (4.62) 

the R.H.S. is the summation of the energy fluxes crossing the control surface by the flow field. We 

have to perform this integration at the cross-section at x, the cross-section at x+∆x and across the 

T.B.L. edge. The mass flux crossing at x is:  

 
 

if we neglect the viscous dissipation because  u
2
 << h , the energy flux at x is:  

 

Note: the –ve sign because the dot product (V . dA) is –ve for the cross-section at x.    
The mass flux ρ(V . dA) at x+∆x must be +ve and is equal to:   
 

This mass flux must be greater than the mass flux entering at x due to increase in δ as x is increased.  









= 0

dx

dP

0=
dx

dP

dyuxm
T

∫−=
•

δ

ρ
0

dyhu
x

I
T

∫−=

δ

ρ
0



 

Dr. Mohsen Soliman     - 48  - 

The increase in mass flux must go across the T.B.L.edge (mδ). This difference must be –ve and is:  

 

    

 

This mass entering the T.B.L. carrying the enthalpy of the free stream ( ∞h  outside T.B.L). The energy 

flux which goes through the T.B.L. edge is: 
 

If we add all the energy fluxes across the control surface, the energy equation (4.62) becomes: 

( ) x
y

T
K

dt

Qd
I

x
Ix

x
I

dx

d

x
I f ∆









∂

∂
−==++








∆+

•

0
δ

          (per unit width ∆z=1) 

the energy flux that crosses at the cross-section at x+∆x is: 

 

By substitution and canceling similar terms with different signs, we get: 

000










∂

∂
−=












−











∫∫ ∞

y

T
Kdyu

dx

d
hdyhu

dx

d
f

TT
δδ

ρρ                     (we divided by x∆ ) 

where Kf  is the thermal conductivity of the fluid. If we put   ( dTCdh P= ) and move ρ Cp (which are 

constants) to the R.H.S, the energy equation becomes: 

 ( )
000 =

∞ 








∂

∂
=









∂

∂
=












−∫

yP

f
T

y

T

y

T

C

K
dyuTT

dx

d
α

ρ

δ

     (4.63)      

where α = the fluid thermal diffusivity. We note that the integral upper limit must cover  all  the width  

Tδ  because by definition, outside the T.B.L.  T(y)= T∞  or  (T∞ -T)=0.0.  
 

Equation (4.63) is the Energy Integral Equation (similar to the Momentum Integral Equation 4.26). It 

may be used for both laminar and turbulent flows and for fluids having any value of the Pr number 

where Pr = ν/α (the ratio of the fluid kinematic viscosity to its thermal diffusivity). We must note 

also that the velocity profile u(y) of the M.B.L. is coupled with the temperature profile T(y) on the 

L.H.S. of (4.63) while only the gradient of  T(y) exists on the R.H.S. of (4.63).  In this section, we 

shall consider only the solution for a Laminar flow Boundary Layer. Other cases are beyond the scope 

of our study.  
 

4.3.2 Solution of The Energy Integral Equation For Laminar Flow: 
 

By solving the Energy Integral Equation 4.63 (i.e., doing the integration at the cross-section normal to 

the plate at the point x as shown on Fig. 4.25), we should be able from such a solution to get the 

distribution of the T.B.L. thickness  δT(x) and finally the heat transfer coefficient h(x) and the heat flux 

q”(x) as discussed  before in the beginning of Sec.4.3.  
 

By analogy to the various methods used to solve the Momentum Integral Equation (4.26), in order to 

solve the Energy Integral Equation (4.63), we have to assume a velocity distribution u(y) inside the 

M.B.L and also assume another temperature distribution T(y) inside the T.B.L region. Many different 

types of velocity profiles u(y) were used before in Sec.4.2, also many different types of temperature 

profiles may be assumed here for T(y) as long as they satisfy the known temperature boundary 

conditions as discussed here. We do not need to assume T(y) to be similar to or to be different than 

u(y) in any way. Just any two profiles T(y) and u(y) may be assumed to solve the Energy Integral 

Equation (4.63). It is true that we shall find infinite number of solutions for all types of the assumed 

profiles u(y) and T(y). We must note that the final results shall depend strongly on both the assumed 

profiles u(y) and T(y).  The following example shall clarify this point: 

4.3.2.1  Example Using 3
rd

 Order profiles for both u(y) and T(y): 
 

Since Tw and T∞ are constants, we define two temperature differences:   ( )WW TTTT −=−= ∞∞θθ ,  

(note: do not mix θ with the boundary layer momentum thickness as it was defined before in Sec.4.1 

& 4.2). We shall assume 3
rd

 order polynomial for the dimensionless temperature profile: 

xdyu
dx

d
xxm

dx

d
m

T

∆













−=∆








−= ∫

••
δ

δ ρ
0

∞

•

⋅= hxmI
δ
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Let  

32









+








+







+=

−

−
=

∞∞ TTTW

W y
d

y
c

y
ba

TT

TT

δδδθ

θ
   

We need 4 boundary conditions to get the unknown constants a, b, c, and d. We have two known 

conditions at y=0 and two known conditions at y= δT 

At  y = 0 ,   0&
2

2

=
∂

∂
=∴

y

T
TT W

     (i.e., the maximum heat flux must be at the wall) 

At  y = Tδ  ,  0& =
∂

∂
=∴ ∞

y

T
TT       (similar to the patching condition at the edge of M.B.L) 

After doing mathematical work, we get   







−====

2

1
,

2

3
,0 dbca , By substitution we have:

       

3

2

1

2

3








−







=

−

−
=

∞∞ TTW

W yy

TT

TT

δδθ

θ
     (1) 

Similarly, assume a 3
rd

 order profile for u(y) as: 

 

The usual 4 boundary conditions on u(y) are: 

 At y=0,  u=0 (no slip-condition) and                (i.e., maximum shear is at the wall)  

 

 At y=δ,  u=U∞ &                (the patching condition at the edge of the M.B.L) 

 

After doing mathematical work, we get:                                                                                (2)    

                                                                                                            

Interring both equations (1) and (2) into the L.H.S. of the Energy Integral Equation (4.63), we get: 
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Using eq.(1) in the R.H.S., we get: 

    

Note that the constant of (3/2) on the R.H.S depends totally on the shape of the assumed profile 
∞θ

θ
 

Note also that the upper limit of the integration must in all cases cover the thickness of the T.B.L. up 

to Y= δT  for all types of fluids regardless of the value of δ of the M.B.L as shown on fig. 4.25. We 

may have two different cases depending on the type of the fluid and the value of  Pr # where  

 

 

 

The convective heat transfer is due to the fluid motion in the M.B.L. while the conductive heat transfer 

is due to the temperature gradient and effect of thermal diffusivity in the T.B.L. This means that the 

numerical value of Pr number is proportional to the ratio of   (δ / δT) which is shown on fig.4.24 and 

the next figure.   

 

If 1<rP , Tδδ <∴ (e.g., for air and gases),  

If 1>rP , Tδδ >∴ (e.g., for water and liquids) 

For example: for air: CtoupP
o

r 60071.0≈                                Air    Water 

While for water:  Pr = 4 at 38 
o
C & Pr  =2 at 93 

o
C                  

 

The rP  number has been found to be the parameter which relates the relative thickness of the 

hydrodynamic and thermal boundary layers. The momentum diffusivity gives information about the 
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rate at which momentum may diffuse because of molecular motion. Thermal diffusivity gives 

information about the rate at which heat may diffuse in the fluid. Thus the ratio of the momentum 

diffusivity / the thermal diffusivity should express the relative magnitude of diffusion of momentum 

and heat in the fluid. Large diffusivity means that the viscous or temperature influence is felt farther 

out in the flow field. For very high rP  number the velocity B.L will be much thicker than the thermal 

B.L. 
   

For the case of  δT < δ   or  Pr > 1 ( such as water) & for Laminar Flow 
 

As shown on Fig.4.25, in this case we need only to carry out the integration in the energy eq.(3)   

TY δ=   since the integrand   TT −∞   is zero for   TY δ>  

Then the energy eq is: 
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This equation is valid only for the assumed  3
rd

 order   
∞∞ θ

θ
&

U

u
 . After expansion and doing 

integration from 0=y  to Ty δ= ,  and also we define the ratio ε as:    
δ

δ
ε T=  

We get:                                 (5) 

 

Since   1<ε   we may neglect   4
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Note that δ =f1(x) and that ε = f2(x). Then after doing the product differentiation on the L.H.S. we get: 
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We can get (dδ/dx) using the momentum integral equation method (with 
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for the Laminar Flow case. You can do this part as an exercise  to prove the following steps.  

Using equations (4.26, 4.28) and the definition of the momentum thickness with the assumed u/U∞,  
 

we get:                                                    or 
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This ordinary differential equation (7) is linear and of the 1
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 order for the variable (

3ε ). Its solution 
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To get (a), from boundary conditions we have:                                             , After inserting (a) in (8),  

 

the solution for  ε(x) is:                 (9) 
    

which is valid only for 3
rd

 order profiles for  
∞∞ θ

θ
&

U

u
 

The local heat transfer coefficient is given by: 
 

We use the assumption:         
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=δ   for the assumed 3

rd
 order profile:  

Which after substitution for δε &  becomes: 

                 (10) 

The Nusselt number is: 

           

                    (11) 

If the entire plate is heated, 00 =∴ x  
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The previous analysis was based on assumption that fluid properties are constants through out the 

flow. If there is appreciable variation between wall and free-steam conditions, it is recommended that 

the properties be evaluated at the mean file temperature defined by: Tf = (Tw+T∞)/2 

 

For the case of  δT > δ   or  Pr < 1 ( such as Air) & for Laminar Flow: 
 

Using the same 3
rd

 order profiles for u(y)& T(y), 

The integral energy equation (4) is the same:   

 
          (4)  Fig.4.26 

 

The integration upper limit is also TY δ=   because (1-θ/θ∞) have non-zero values after δ≥y , but 

u/U∞=1 in the part  δ≥y  

Therefore, the integration in the L.H.S. of (4) is:                   (14) 

After expansion and using  
δ

δ
ε T= and doing all the above integrations with the shown two limits, 

we get:                                           

 

Since   1>ε , we can neglect the last term in (15) as compared to other terms. The final equation is: 
 

a1 x (dε
2
/dx) + a2 x (dε/dx) + a3 ε

2
 + a4  ε = (1/Pr) + a5          (15) 

 

where the constants are: a1 =5.3847, a2 =21.539, a3= 5.3846,  a4=- 5.3856, and a5 =2.1538 
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The exact solution of (15) is very complicated and involves a complex 1
st
 order ordinary differential 

equation for ε2 and  ε  with non-zero source term. The exact solution of (15) is beyond the scope of 

our discussion here. Instead, we try another approximate solution for fluids with Pr # < 1. In Fig.4.26, 

we should note that the variation in T(y) is very small for y>δ and in all the region between δ and δT 

which means that in eq. (14), the integration of the last term on the R.H.S. shall be very small outside 

the M.B.L. because (1- θ/θ∞) ≈ 0.0 as compared to the integration from y=0 to y=δ. Therefore, we 

neglect last term on R.H.S. of (14) as compared to the 1
st
 term.   We get: 

 

                         (16) 

 

After expansion and doing the integration from 0=y to δ=y , also using the variable 
δ

δ
ε T= , we  

 get:                        
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We get δ & (dδ/dx) using the momentum integral equation (with 3
rd

 order profile for u//U∞)  and for 

the Laminar Flow case we have: 
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This ordinary differential equation is linear and of the 1
st
 order for the variable (ε).For the 

complementary function, we get     0521.0
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To get the constant (a), from boundary conditions  00 xxat ==ε , then: 

            

Local H.T coefficient h(x) at x ≥ xo , is given by:                                           where also 
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Example: 
 

Air at 25
o
C and 1.0 atm. Flows over a flat plate at a speed of 2 m/sec. The plate has a unit width and is 

heated over its entire length, L, to a temperature of 75
o
C. Use the integral momentum & energy 

equations with cubic profiles (3
rd

 order) for both the velocity u(y) and temperature T(y) to: 
 

a) Calculate the M.B.L thickness at distance 10 cm & 20 cm from the leading edge. 

b) Calculate the mass flow which enters the M.B.L between  x = 10 cm & x = 20 cm. 
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c) Calculate the rate of H.T in the first 10 cm of the plate and the first 20 cm of the plate. 

Solution 

The mean film temp.: ( ) CT
o

f 507525
2

1
=+= , the air properties 3/09.1 mkg
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==ρ , 7.0# =

r
P  

,./0279.0../024.0 CmWCmhrKcalK
oo

f == sec/108.23/086.0 262
mhrm

−×==υ  

a) at x=10cm, 372,8
108.23

1.02
R

6
e =

×

×
==

−

∞

υ

xU
x & at  x=20 cm, 744,16Re =x ( Then Laminar Flow ), 

For 3
rd

 order u(y) profile, from (sec 4.3.2.1) the thickness of the M.B.L. is: 

x
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=δ ,   at  x =10 cm     cm51.010 =δ       &     at  x =20 cm     cm72.020 =δ  

b)  To calculate the mass flow which enters the M.B.L. from the free stream between  x=10 cm and  x 

=20 cm , we take the difference between the mass flow in the B.L at these two x-positions. At any 

x-position the mass flow in the B.L is given by: 
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c)  We can not use equation (19) for Air with Pr # <1, because 00 =x , As an approximation, we can 

use equation (11) with xo=0.0, therefore  2
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Then at x= 10 cm: 
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Then at x= 20 cm 
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4.3.2.2 Example For the case of  δT < δ   or  Pr > 1 & for Laminar Flow and 2
nd

 Order profiles: 

For thermal boundary layer with 2
nd

 order   
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θ
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u
  profiles:  

Prove that the energy equation (4.63) is reduced to:      
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By calculating the percent of error in case of 3
rd

 order profile, we get: 
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Oral Exam Questions 
 

Boundary Layer Flow Part(4) 
 

--------------------------------------------------------------------------------------------------------------- 
 

1- Discuss all the differences you know between internal viscous flow and external flow (which can be 

viscous or non-viscous). What is the role of the no-slip condition and viscous effects in each type? 

What are the assumptions and equations that may be used in each type? Use sketches to explain your 

discussion. 

---------------------------------------------------------------------------------------------------------------   

2- Define both the physical and mathematical meaning of the following: 

I. the boundary layer region and the boundary layer thickness. 

II. the stream lines and the stream function inside the boundary layer region. 

III. the boundary layer displacement thickness. 

IV. the effective body as seen by the real flow. 

--------------------------------------------------------------------------------------------------------------- 

3- Discuss all the differences you know between the boundary layer over a real flat plate and the 

boundary layer over a non-real flat plate. Define the critical Rynold’s number and the no-slip 

condition in each type? What are the assumptions of ∂p/∂x and ∂p/∂y that may be used in each type? 

Use sketches to explain your discussion. 

--------------------------------------------------------------------------------------------------------------- 

4- Define both the physical and mathematical meaning of the following: 

I. the boundary layer momentum thickness. 

II. the critical Rynold’s number in the boundary layer. 

III. the pressure distributions: ∂p/∂x and ∂p/∂y inside and outside the boundary layer. 

IV. the local skin friction coefficient, cf , and the integrated friction drag coefficient. 

--------------------------------------------------------------------------------------------------------------- 

5- Discuss both the physical and mathematical relationship between the integrated drag skin friction 

coefficient , Cf, and the boundary layer momentum thickness, θ. 
---------------------------------------------------------------------------------------------------------------  

6- Starting from Navier-Stock’s equations, write down and discuss the well known Prandtl’s two 

differential equations for the boundary layer flow. Show all the assumptions used especially for ∂p/∂x 

and ∂p/∂y inside and outside the boundary layer. 

--------------------------------------------------------------------------------------------------------------- 

7- Using Blasius exact solution for a laminar boundary layer over a flat plate, prove that the boundary 

layer thickness is: δ / x = 5.0 / √ Rex 

--------------------------------------------------------------------------------------------------------------- 

8- Using Blasius exact solution for a laminar boundary layer over a flat plate, prove that the boundary 

layer displacement thickness is: δ* 
/ x = 1.72 / √ Rex 

--------------------------------------------------------------------------------------------------------------- 

9- Using Blasius exact solution for a laminar boundary layer over a flat plate, prove that the boundary 

layer momentum thickness is: θ / x = 0.664 / √ Rex 

--------------------------------------------------------------------------------------------------------------- 

10- Using Blasius exact solution for a laminar boundary layer over a flat plate, prove that the local 

skin friction coefficient is: cf (x) = 0.664 / √ Rex 

--------------------------------------------------------------------------------------------------------------- 

11- Using Blasius exact solution for a laminar boundary layer over a flat plate, prove that the the 

stream lines must penetrate the boundary layer edge every where. 

--------------------------------------------------------------------------------------------------------------- 
12- Define and discuss the use of the momentum integral approximate analysis to solve the boundary 

layer flow over a flat plate. 

13- Using the momentum integral method for a laminar B.L and assuming a second order 

velocity profile, prove that the B.L thickness is: δ / x = 5.48 / √ Rex 
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--------------------------------------------------------------------------------------------------------------- 

14- Using the momentum integral method for a laminar B.L and assuming a second order 

velocity profile, prove that the B.L displacement thickness is: δ*
 / x = 1.828 / √ Rex 

--------------------------------------------------------------------------------------------------------------- 

15- Using the momentum integral method for a laminar B.L and assuming a second order 

velocity profile, prove that the B.L momentum thickness is: θ / x = 0.731 / √ Rex 

--------------------------------------------------------------------------------------------------------------- 

16- Using the momentum integral method for a tripped turbulent B.L and assuming the 

velocity profile, u/U∞=(y/δ)1/7
 and the wall shear stress, τw =0.0225 ρU∞

2
(ν/δU∞)

1/4
 , prove that 

the B.L thickness is: δ / x = 0.37 / ( Rex )
 1/5

 

--------------------------------------------------------------------------------------------------------------- 

17- Using the momentum integral method for a tripped turbulent B.L and assuming the 

velocity profile, u/U∞=(y/δ)1/7
 and the wall shear stress, τw =0.0225 ρU∞

2
(ν/δU∞)

1/4
 , prove that 

the B.L displacement thickness is: δ*
 / x = 0.0463 / ( Rex )

 1/5
 

--------------------------------------------------------------------------------------------------------------- 

18- Using the momentum integral method for a tripped turbulent B.L and assuming the 

velocity profile, u/U∞=(y/δ)1/7
 and the wall shear stress, τw =0.0225 ρU∞

2
(ν/δU∞)

1/4
 , prove that 

the B.L momentum thickness is: θ / x = 0.036 / ( Rex )
 1/5

 

--------------------------------------------------------------------------------------------------------------- 

19- Using the momentum integral method for a laminar B.L and assuming a velocity profile 

as: u/U∞= sin(π y/ 2 δ), prove that the B.L thickness is: δ / x = 4.8 / √ Rex 

--------------------------------------------------------------------------------------------------------------- 

20- Using the momentum integral method for a laminar B.L and assuming a velocity profile 

as: u/U∞= sin(π y/ 2 δ), prove that the B.L displacement thickness is: δ*
 / x = 1.74 / √ Rex 

--------------------------------------------------------------------------------------------------------------- 

21- Using the momentum integral method for a laminar B.L and assuming a velocity profile 

as: u/U∞= sin(π y/ 2 δ), prove that the B.L momentum thickness is: θ / x = 0.658 / √ Rex 

--------------------------------------------------------------------------------------------------------------- 

22- Using Balsius’ soluation for laminar B.L over a flat plate, Compare between the laminar 

B.L thickness, δlaminar and the turbulent B.L thickness, δturbulent if the laminar B.L is tripped at 

the leading edge of the plate [use u/U∞=(y/δ)1/7
and τw =0.0225 ρU∞

2
(ν/δU∞)

1/4
 ] 

--------------------------------------------------------------------------------------------------------------- 

23- Using Balsius’ soluation for laminar B.L over a flat plate, Compare between the laminar 

B.L displacement thickness, δ*
laminar and the turbulent B.L displacement thickness, δ*

turbulent if 

the laminar B.L is tripped at the leading edge of the plate [use u/U∞=(y/δ)1/7
and τw =0.0225 

ρU∞
2
(ν/δU∞)

1/4
 ] 

--------------------------------------------------------------------------------------------------------------- 

24- Using Balsius’ soluation for laminar B.L over a flat plate, Compare between the laminar 

B.L momentum thickness, θlaminar and the turbulent B.L momentum thickness, θturbulent if the 

laminar B.L is tripped at the leading edge of the plate [use u/U∞=(y/δ)1/7
and τw =0.0225 

ρU∞
2
(ν/δU∞)

1/4
 ] 

--------------------------------------------------------------------------------------------------------------- 

25- Using the momentum integral method for a laminar B.L and assuming (i) a second order 

velocity profile and (ii) a third order velocity profile, compare the ratios of: 

δ(case i) / δ(case ii) , δ*
(case i) / δ*

(case ii) and θ(case I / θ(case ii) 
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Problems: 
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